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1.0  INTRODUCTION 


The  purpose  of  this  study  is  to  assess  the  effects  of 
variation  in  the  parameters  which  govern  the  orbit- insert ion  trajectories 
of  satellites  launched  using  a  Martlet  IV  type  vehicle.  The  object 
in  doing  this  is  to  reveal  those  parameters  which  have  the  greatest 
influence  and  over  which  control  must  be  arranged  in  order  to 
ensure  injection  into  the  orbit  required  by  a  particular  mission. 

The  results  of  this  analysis  should  also  provide  an  indication  of  the 
likelihood  of  attaining  a  specified  orbit. 

The  launch  vehicle  and  its  capabilities  are  discussed  in 
references  1,  2  and  of  the  various  families  of  trajectories  possible, 
the  one  selected  as  the  basis  for  this  study  is  the  low-gun-angle 
launch  of  the  all- solid  rocket  configuration.  Figure  6  Reference  1 
shows  a  nominal  trajectory  in  this  category  indent if led  as  "Case  1046". 
This  study  is  confined  to  that  trajectory  and  caution  is  advisable  in 
extrapolating  tho  results  to  include  launches  having  significantly 
different  initial  conditions  or  to  gun-launched  vehicles  of  other 
configurations. 

The  trajectory  under  investigation  has  been  divided  into  four 
phases:  gun  launch  and  first  glide,  first  stage  ignition,  second 
stage  ignition,  second  glide  and  third  stage  ignition.  Each  phase  is 
defined  by  a  number  of  parameters  which  when  set  at  a  specific  value 
define  an  orbit  or  a  trajectory.  The  outstanding  characteristic  of 
a  Martlet  IV  trajectory  is  of  course  that  the  launch  phase  is 


performed  by  firing  Che  unignited  rocket  from  a  16"  gun  imparting 
to  it  a  large  initial  velocity  along  a  very  precise  trajectory 
prior  to  first  stage  ignition  at  a  predetermined  time. 

The  nominal  trajectory  mentioned  above  was  computed  using 
the  methods  developed  by  McKee  in  Reference  (3)  and  had  to  be 
modified  slightly  to  suit  this  study.  This  is  discussed  in 
greater  detail  in  :he  next  section;  here  it  will  suffice  to  say 
that  the  modified  nominal  trajectory  chosen  yielded  an  almost 
circular  orbit  at  400  nautical  miles  (Figure  1,  Appendix  A). 

Each  of  the  parameters  in  the  four  phases  of  the  trajectory  was 
then  varied  about  its  nominal  value  and  a  new  trajectory  computed. 
Since  the  characteristics  of  greatest  importance  were  the  perigee 
and  apogee,  these  have  been  plotted  to  show  the  sensitivity  to 
dispersion  in  each  parameter.  The  curves  are  contained  in  Part  3 
and  Appendices  B  and  C  of  this  report. 

Although  the  analysis  deals  with  a  hypothetical  mission 
whose  nominal  orbit  altitude  is  approximately  400  nautical  miles, 
it  will  be  seen  that  the  sunmary  graphs  of  Appendix  C  have  been 
plotted  to  include  perigees  of  200  miles.  Simple  extrapolation 
enables  one  to  assess  the  relatively  wide  variation  in  parameters 
which  could  be  tolerated  if  the  mission  requirement  were  to  be 
relaxed  to  accept  an  eccentric  orbit  with  a  perigee  of  100  nautical 


miles. 
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2.0  NOMINAL  TRAJECTORY 

2.1  Nominal  Mi a ■ Ion  and  Trajectory  Parameters 

As  mentioned  in  the  introduction,  the  optimized  trajectory 
1046  (Orbital  and  High  Altitude  Probing  Potential  of  Gun 
Launched  Rockett  by  G.  V.  Bull,  D,  Lyoter,  G.  V.  Parkinson, 
(R-SRI-K-R-13)  page  15  Fig.  6)  given  by  R.  M.  McKee's  computer 
program  had  to  be  modified  in  order  to  be  able  to  vary  meaningful 
trajectory  parameters. 

The  hypothetical  mission  described  by  trajectory  1046 
use*  a  Martlet  IV  rocket  in  all-solid  configuration  to  place 
a  75  lb  payload  in  a  circular  orbit  at  approximately  700  km 
(375  naut.  miles).  It  is  assumed  that  the  launch  vehicle  is 
spin-stabilized  at  launch  and  the  attitude  control  system  serves 
only  to  -re-orient  the  third  stage  before  its  ignition. 

A  careful  investigation  of  the  pertinent  parameters 
has  shown  that  the  following  parameters  were  controllable: 

1st  stage  ignition  time 
2nd  stage  ignition  time 
3rd  stage  Ignition  time 
3rd  stage  pitch  angle 
3rd  stage  yaw  angle 

Unfortunately  many  other  parameters  have  been  deemed 
significant  although  not  controllable  during  the  flight: 
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Gun  Muzzle  Velocity 
Gun  Elevation 

1st  stage  Fuel  Specific  Impulse 

1st  stage  Fuel  Burning  Rate  (constant  fuel  weight) 

1st  stage  Fuel  Weight  (constant  burning  rate  and  structural 

weight) 

2nd  stage  Fuel  Specific  Impulse 

2nd  stage  Fuel  Burning  Rate  (constant  fuel  weight) 

2nd  stage  Fuel  Weight  (constant  burning  rate  and  structural 

weight) 

2nd  stage  Firing  Pitch  Angle 

2nd  stage  Firing  Yaw  Angle 

3rd  stage  Fuel  Specific  Impulse 

3rd  stage  Fuel  Burning  Rate  (constant  fuel  weight) 

Hie  above  listed  parameters  are  all  either  measurable  or 
adjustable  before  or  during  the  flight  for  compliance  with 
specifications  except  for: 

2nd  stage  Firing  Pitch  Angle 
2nd  stage  Firing  Yaw  Angle. 

These  parameters  are  of  particular  concern  because  of  the 
possibility  of  tip-off  error  occurring  at  stage  separation. 
Trajectory  case  1046  allowed  no  time  interval  and  for  the  modified 
trajectory  used  in  this  analysis  a  minimum  practical  interval  of 
0.5  second  was  stipulated  as  the  time  required  between  first  stage 
burn-out  and  second  stage  ignition. 


2.3 


( 


In  order  to  facilitate  the  study  and  discussion  of  the 
seneitivity  of  orbit  parameters  to  the  above  trajectory  parameters, 
it  was  found  convenient  to  subdivide  the  flight  into  four  phases: 

TABLE  2.1 

phase  1:  Gun  Parameters 

P  1,1  Gun  Muzzle  Velocity 
P  1.2  Gun  Elevation 

phase  2:  1st  stage  Parameters 
P  2. 1  Ignition  Time 
P  2,4  Fuel  Specific  Impulse 
P  2.5  Fuel  Burning  Rate 
P  2.6  Fuel  Weight 

phase  3:  2nd  stage  Parameters 
P  3.1  Ignition  Time 
P  3.2  Firing  Pitch  Angle 
P  3.3  Firing  Yaw  Angle 
P  3.4  Fuel  Specific  Impulse 
P  3.5  Fuel  Burning  Rate 
P  3.6  Fuel  Weight 

phase  4:  3rd  stage  Parameters 
P  4.1  Ignition  Time 
P  4.2  Firing  Pitch  Angle 
P  4.3  Firing  Yaw  Angle 
P  4.4  Fuel  Specific  Impulse 
P  4.5  Fuel  Burning  Rate 
P  4.6  Fuel  Weight 


The  Nominal  Trajectory  was  consequently  constructed  from  the  tra¬ 
jectory  1046  with  the  appropriate  changes  in  the  ignition  and 
firing  indicators  and  parameters  as  indicated  in  Table  2.2. 

Nevertheless  it  was  not  possible  to  match  trajectory  1046  with  the 
parameters  defined  in  Table  2.1;  for  instance  the  second  stage  firing 
attitude  which  was  assumed  parallel  to  the  velocity  vector  in  trajectory 
1046  was  now  fixed  (elevation  27.08  deg.,  azimuth  3.33  deg.)  during  the 
burning  of  the  fuel.  Such  unmatched  differences  resulted  in  a  slightly 
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different  orbit  and  required  a  new  optimization;  this  was  done  with 
respect  to  the  gun  elevation  and  the  third  stage  ignition.  The 
following  Table  gives  an  idea  of  the  modifications  effected  to  the 
original  trajectory  1046t 


Event 

Traiectory  1046 

New  Nominal  Tral . 

1st  stage  ignition 

40  km 

14.61  sec  from 
launch 

2nd  stage  ignition 

0.5  sec  after 
1st  stage  B.C 

30.11  sec  from 
,  launch 

2nd  stage  firing 
elevation 

parallel  to 
the  velocity 
vector 

27.08  deg. 

2nd  stage  firing 
azimuth 

parallel  to 
the  velocity 
vector 

3.33  deg. 

3rd  stage  ignition 

at  a  path 
angle  of  0.3 
deg. 

604.51  sec  from 
launch 

3rd  stage  firing 
elevation 

0.0  deg. 

0.0  deg. 

3rd  stage  firing 
azimuth 

0.0  deg. 

0.0  deg. 

It  is  easy  to  see  from  Table  2.2  where  the  fundamental  ditferences 
in  the  two  trajectories  occur;  as  mentioned  earlier,  the  trajectory 
was  re-optimized  with  respect  to  the  Gun  Elevation  and  the  third 
stage  ignition  time  in  order  to  get  as  circular  an  orbit  as  possible, 
but  no  further  attempt  was  made  to  get  it  perfectly  circular.  The 
new  trajectory  is  now  defined  in  terms  of  the  parameters  which  are  of 
interest  in  this  analysis,  that  is  for  a  "real"  situation. 
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2.2  Estimated  Dispersion  in  the  Trajectory  Parameters 


What  is  believed  to  be  a  realistic  estimate  of  the  probable 
dispersion  in  each  parameter  is  listed  below.  In  some  cases 
where  insufficient  data  was  available  no  figure  appears. 


The  trajectory  parameters  have  been  grouped  in  three 
categories  according  to  the  type  of  error  they  generate: 


1)  Error  due  to  the  limitation  to  which  a  given  parameter  can 
be  adjusted  or  manufactured  (but  not  controllable  from  the  ground 
during  flight). 


P  1.1  Gun  Muzzle  Velocity 
P  1.2  Gun  Elevation 

P  2.4  Fuel  Specific  Impulse 
P  2.5  Fuel  Burning  Rate 
P  2.6  Fuel  Weight 

P  3.4  Fuel  Specific  Impulse 
P  3.5  Fuel  Burning  Rate 
P  3.6  Fuel  Weight 

P  4.4  Fuel  Specific  Impulse 
P  4.5  Fuel  Burning  Rate 
P  4.6  Fuel  Weight 


:  +  200  ft/sec 
:  +  0.5  degree 

:  +  6  sec 

:  +  1.  lbs 

:  +  6  sec 


+  1.  lbs 


+  6  sec 


v  '.  lbs 


2)  Errors  due  to  parameters  limited  in  accuracy  but  controllable 
during  flight. 


P  2. 1  Ignition  Time 
P  3,1  Ignition  Time 
P  4.1  Ignition  Time 
P  4.2  Firing  Pitch  Angle 
P  4.3  Firing  Yaw  Angle 


+0.5  sec 
+  0.5  sec 
+0.5  sec 
+  l  deg 
+  1  deg 


3)  Unpredictable  errors  and  uncontrollable  errors  occurring 
during  flight. 

P  3.2  Firing  Pitch  Angle  : 

P  3.3  Firing  Yaw  Angle  : 

Parameters  entering  in  the  third  class  deserve  some  conments: 

P  3.2  and  P  3.3  describe  the  vehicle  attitude  at  second  stage 
ignition;  it  is  expected  that  an' attitude  error  caused  by  tip-off 
occurs,  it  has  been  assumed  that  the  interval  between  first  stage 
burnout  and  second  stage  ignition  would  need  to  be  kept  small  in 
order  to  obtain  the  best  velocity  increment  from  the  two  stages. 

It  was  thought  that  the  interval  following  first  stage  jettison  would 
be  too  short  to  enable  a  light-weight  attitude  control  system  to  re-orient 
the  spinning  launch  vehicle  before  second  stage  ignition  and  that  the 
better  procedure  would  be  to  concentrate  on  an  interstage  design 
which  would  minimize  tip-off  disturbances  at  staging.  For  the 
purpose  of  this  study  it  is  assumed  that  these  disturbances  would 
not  introduce  a  change  in  the  mean  attitude  of  the  spin  axis  of  the 
vehicle  greater  than  5.  degrees. 

Each  of  the  listed  parameters  will  be  varied  over  an  appropriate 
range.  Since  our  interest  lies  in  the  Perigee  and  the  orbit 
eccentricity,  it  was  found  easier  to  retain  the  Perigee  and  the 
Apogee  as  the  Orbit  describing  parameters. 


3.  ORBIT  SENSITIVITY  TO  DISPERSION  IN  TRAJECTORY  PARAMETERS 
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3.1  PHASE  I 


3.1.1  Gun  Muzzle  Velocity  (P  1.1) 

The  results  appear  in  Table  3.1.1  and  Figure  3.1.1. 

The  orbit  parameters  seem  to  be  fairly  well  optimized  with  respect 
to  that  parameter.  A  +  200  feet  per  second  variation  in  the 
nominal  6000  feet  per  second  muzzle  velocity  results  in  an  orbit 
with  a  minimum  262  nautical  miles  perigee.  The  variation  of 
the  perigee  and  apogee  as  a  function  of  the  gun  muzzle  velocity 
show  an  hyperbolic  behaviour  with  two  assymptotes;  as  the  gun 
muzzle  velocity  is  increased  beyond  its  nominal  value,  the 
perigee  remains  constant  slightly  above  400  nautical  miles 
while  the  apogee  linearly  increases  with  the  muzzle  velocity: 
for  a  given  gun  muzzle  velocity  V  greater  than  6050  feet  per 
second,  the  apogee  and  perigee  can  be  approximated  as  follows: 

Perigee  ■  402  N.M, 

Apogee  -  440  +  (V  -  6050)  N.M. 

Similarly  for  a  muzzle  velocity  less  than  5950  feet  per 
second,  the  orbit  parameters  are  given  by: 

Perigee  =  360  +  (Vft/8ec  -  5950)  N.M. 


Apogee  ■  407  N.M, 


5600 


FIGURE  J././ 
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3.1.2  Gun  Elevation  (P  1.2) 


The  results  appear  in  Table  3.1.2  and  Figure  3.1.2. 
Tha  nominal  value  of  this  parameter  does  not  completely 
optimize  the  orbit;  nevertheless,  a  high- sensitivity  of  the 
perigee  and  apogee  to  the  variations  in  the  gun  elevation  is 
noticed  (see  below). 


Gun  Elevation 

in  degrees 

Rate  of  Change  in  N.M. /deg. 

Apogee 

Perigee 

33.5 

+22. 67 

-43.9 

34.0 

+35.7 

-34.6 

_J _ 1 

If  the  gun  elevation  is  varied  by  +  .5  degree  about  its 
nominal  34  degree  value,  the  respective  variation  in  apogee 
and  perigee  are  as  follows: 

apogee  ■  +  ^  N.M.  (Nominal  :  418  N.M. ) 

perigee  *  i.  ^5  N.M.  (Nominal  :  385  N.M.) 

Consequently  to  a  change  of  half  a  degree  in  the  gun 
elevation  corresponds  a  4  percent  (approx.)  maximum 
variation  in  the  apogee  and  perigee  of  the  nominal  orbit. 

It  then  goes  without  saying  that  in  the  +  .5  degree  range 
about  its  nominal  value,  this  parameter  will  not  affect  the 


success  of  the  mission. 
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3.2  PHASE  2 


3.2.1  First  Stage  Ignition  Time  (P  2.1) 

The  results  appear  in  Table  3.2.1  and  Figure  3.2.1. 
Nominally  fixed  at  14.61  second  in  order  to  get  the  ignition 
at  40  kilometers  above  the  sea  level,  this  parameter  does 
not  optimize  the  orbit  parameters.  An  ignition  time  of 
16  seconds,  Tor  instance,  would  have  improved  the  eccentricity 
of  the  orbit,  brought  the  perigee  from  385  up  to  408  nautical 
miles  and,  more  important,  reduced  the  sensitivity  of  the 
apogee  and  the  perigee  to  this  parameter. 

To  a  variation  of  half  a  second  in  the  nominal  14.61 
second  ignition  time  correspond  the  following  maximum 
changes  in  the  apogee  and  perigee: 

perigee  *  *  jj  N.M.  (nominal  385.5  N.M. ) 

apogee  ■  *  \'^  (nominal  417.8  N.M.)  ; 

approximately  2  percent  change  in  the  perigee  and  only  half 
a  percent  change  in  the  apogee  results  from  the  ±  .5  second 
perturbation  in  the  ignition  time.  So  within  the  +  .5  second 
range  about  its  nominal  value,  the  variations  in  this  para> 
meter  are  not  vital  to  the  success  of  the  mission. 
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3.2.2  First  Stage  Fuel  Specific  Impulse  (P  2.4) 


The  results  appear  in  Table  3.2.2  and  Figure  3.2.2.  The 
Specific  Impulse  of  the  propellant  has  a  definite  effect  on  the 
orbit  parameters.  Below  the  nominal  value  of  280  seconde,  the 
perigee  decreases  at  an  average  rate  of  16  nautical  miles  per  second. 
Above  285  seconds,  the  perigee  remains  approximately  constant  at 
407  nautical  miles  while  the  apogee  increases  at  an  average  rate 
of  16  nautical  miles  per  second  of  specific  impulse.  To  more 
specifically  evaluate  the  Importance  of  this  parameter,  more 
information  would  be  needed  about  the  rocket  motors;  when  this 
information  will  be  available,  it  will  be  easy  to  determine  the 
exact  role  of  this  parameter. 

3.2.3  First  Stage  Burning  Rate  (P  2.5) 

Note  here  that  the  amount  of  fuel  in  the  first  stage  is 
constant  at  1619  pounds;  only  the  burning  rate  was  changed.  The 
results  appear  in  Figure  3.2.3  and  Table  3.2.3.  There  is  an  almost 
not  noticeable  discontinuity  in  the  rate  of  change  of  the  orbit 
parameters  which  is  easily  explained  by  the  fact  that  when  the 
authors  tried  to  reduce  the  burning  rate,  there  was  not  enough  time 
left  prior  to  second  stage  ignition  to  do  it;  it  was  then  necessary 
to  delay  the  second  stage  ignition  since  the  half  a  second  between 
the  first  stage  burnout  and  the  second  stage  ignition  was  not 


sufficient 
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Figure  3.2.3  indicates  that  a  slower  burning  rate  would  be 
recommended  to  get  a  higher  perigee;  the  apogee  is  not  very 
sensitive  to  this  parameter. 

As  a  consequence,  it  would  be  interesting  to  study 
the  orbits  obtained  with  burning  rates  below  100  pound  per 
second;  this  would  also  help  to  optimize  in  a  better  way 
the  nominal  burning  rate.  However  the  fact  that  a  slower 
burning  rate  necessitates  a  delay  in  the  second  stage  ignition 
time  makes  the  two  parameters  correlated  and  any  optimization 
should  be  carried  out  with  respect  to  these  two  parameters 
varied  simultaneously. 

Here  again  no  conclusions  can  be  drawn  in  the  absence 
of  more  information  on  the  rocket  motor. 

3.2.4  First  Stage  Weight  of  Fuel  (P  2.6) 

This  parameter  was  varied  keeping  constant  the  fuel 
burning  rate  and  the  structural  weight  of  the  first  stage. 

The  results  appear  in  Table  3.2.4  and  Figure  3.2.4.  As  in 
the  previous  first  stage  parameters  we  obtain  an  hyperbolic 
behaviour  with  two  assymptotes:  below  the  nominal  1619  pounds 
of  fuel,  the  apogee  remains  almost  constant  at  405  nautical 
miles  while  the  perigee  decreases  at  a  rate  of  approximately 
2.2  nautical  mileB  per  pound  of  fuel.  Similarly  with  more 
than  1640  pounds  of  fuel,  the  perigee  keeps  a  constant  value 
at  405  nautical  miles  while  the  apogee  increases  at  a  rate 
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of  2.2  nautical  miles  per  pound  of  fuel.  Consequently  a 
variation  of  one  pound  in  the  weight  of  fuel  only  produces 
a  2.2  nautical  miles  variation  in  the  perigee  of  the  nominal 
orbit;  hence  this  parameter  is  apparently  not  crucial  for 
the  success  of  the  mission. 

3.3  PHASE  3  -  Second  Stage 

Phase  3  of  a  Martlet  IV  trajectory  is  defined  by  a  series 
of  parameters  at  2nd  stage  ignition.  These  are: 

a)  P  3.1  -  The  time  after  first  stage  burnout  when 
second  stage  ignition  takes  place. 

b)  P  3.2  -  Elevation  or  pitch  angle  of  rocket. 

c)  P  3.3  -  Azimuth  or  yaw  angle  of  rocket. 

d)  P  3.4  -  Specific  Impulse  of  2nd  stage  propellant. 

e)  P  3.5  -  Burning  rate  of  fuel  or  equivalently  the 
fuel  burning  time  for  a  given  propellant  weight. 

f)  P  3.6  -  Weight  of  fuel. 

Each  of  these  parameters  is  independent  of  the  rest 
and  of  that  portion  of  the  trajectory  which  precedes  phase  3. 

3.3.1  Second  Stage  -  Ignition  Time  (P  3.1) 

Dispersion  in  apogee  and  perigee  due  to  errors  in  the 
ignition  time  of  the  second  stage  is  shown  in  graph  3.3.1. 

The  abcis8a  is  scaled  with  the  number  of  seconds  after  first 
stage  burnout  which  occurs  at  29.61  seconds  after  gun  launch. 
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As  shown  positive  errors  do  not  endanger  the  orbital  capability 
of  the  mission  but  it  has  <an  improving  effect  in  that  it  makes 
the  orbit  more  circular  with  a  higher  perigee.  The  kind  of 
errors  or  dispersion  expected  in  this  parameter  is  not  known 
but  provided  it  is  within  the  range  shown  in  the  graph  that  is 
+  9  seconds,  orbit  will' be  achieved.  It  is  expected  that  for 
sufficiently  high  ignition  times  a  critical  maximum  value  will 
be  reached. 

This  study  is  encouraging  as  far  as  the  possibility  for 
correcting  tip-off  errors  is  concerned.  It  shows  that  an  attitude 
control  system  could  have  an  interval  of  10  seconds  in  which  to 
sense  and  correct  attitude  errors  due  to  tip-off  disturbances. 

3.3.2  Second  Stage  -  Firing  Elevation  or  Pitch  (P  3.2) 

The  effect  of  dispersion  in  firing  elevation  on  the 
apogee  and  perigee  is  shown  in  graph  3.3.2.  The  dispersion  will 
depend  on  whether  an  attitude  control  system  is  present  or  not. 
if  a  guidance  system  is  present  it  can  be  expected  to  orient  the 
vehicle  within  +  2  degrees  provided  it  has  enough  time  to  do 
it.  Since  the  interval  of  time  between  first  stage  burnout 
and  second  stage  ignition  is  of  the  order  of  a  few  seconds, 
reorientation  may  not  be  possible  if  a  large  correction  is 
needed.  Such  large  errors  are  possible  when  tip-off  occurs 
during  first  stage  separation,  therefore  we  have  looked  at  a 
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deviation  in  pitch  of  +  4  degrees  from  its  nominal  value 
of  27.08  degrees.  If  a  control  system  is  not  present, 
then  one  has  to  allow  for  the  presence  of  large  tip-off 
errors  and  graph  3.3.2  indicates  the  behaviour  of  the  orbit 
under  such  conditions.  From  thi6  graph  it  can  be  seen 
that  pitch  errors  larger  than  +  4°  can  be  found  by  linear 
extrapolation  of  the  apogee  and  perigee  curves.  The 
critical  pitch  angles,  that  is  those  which  yield  a  perigee 
of  100  N.M. ,  can  be  fo’md  from  such  an  extrapolation  to  be 
34.7  degrees  and  8  degrees  in  the  positive  and  negative 
directions  respectively.  Thus  errors  of  +  7.7°  and  -  19° 
about  the  nominal  pitch  angle  can  occur  and  the  perigee 
higher  than  100  N.M.  will  still  be  obtained.  Finally, 
one  can  say  that  the  perigee  is  very  sensitive  to  this 
parameter,  particularly  to  positive  errors,  and  that  a 
more  circular  orbit  can  be  achieved  for  a  nominal  pitch 
of  approximately  26.5°. 

3.3.3  Second  Stage  -  Firing  Azimuth  (P  3.3) 

The  effect  of  dispersion  in  firing  azimuth  is  shown 
in  graph  3.3.3.  Similar  remarks  concerning  possible 
dispersion  due  to  tip-off  or  otherwise,  apply  here  as 
those  in  the  elevation  (Section  3.3.2).  The  orbit 
sensitivity  to  this  parameter  is  not  as  critical  as  in  the 
elevation  case,  positive  errors  yielding  slightly  more 
dispersion  than  negative  ones. 
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Ihe  effect  of  variations  in  propellant  specific  impulse 
in  the  second  stage  is  shown  in  graph  3.3.4.  An  arbitrary 
variation  of  +  10  secs,  about  the  nominal  value  of  290  secs, 
was  chosen.  Actual  possible  dispersion  was  not  available 
but  it  is  clear  from  the  graph  that  the  perigee  will  fall  to 
100  N.M.  value  if  the  specific  impulse  should  drop  below  a 
critical  minimum.  This  critical  value  is  approximately  given  by: 

P  3.4  *  269  secs. 

Thus  one  can  conclude  that  all  other  errors  remaining  at  zero, 
provided  the  specific  impulse  is  above  269,  orbit  will  be 
achieved.  Deviations  in  the  positive  direction  quite  clearly 
will  not  impede  an  orbit  from  being  achieved. 


3.3.5 

Hie  burning  rate  of  the  propellant  is  found  by  dividing 
the  amount  of  propellant  by  the  burning  time.  This  quantity 
is  not  constant  throughout  the  burning  time,  therefore,  an 
average  value  is  found.  Ihe  size  of  the  possible  error  is 
not  known;  however,  for  the  burning  rate  in  the  12  to  44  lbs  per 
second  range,  the  rate  of  change  of  the  perigee  is  -0.57  nautical 
mile  per  pound  per  second.  The  results  are  shown  in  graph  3.3.5. 
The  sensitivitv  of  the  apogee  is  very  small  to  this  parameter  in 
the  estimated  range  as  it  varies  by  +  2  N.M.  One  can  conclude 
that  this  parameter  is  not  crucial  to  the  success  of  the  nominal 
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3.3.6  Second  stage  -  Weight  of  Fuel  (P  3.6) 

This  parameter  was  varied  keeping  constant  the  fuel 
burning  rate  and  the  structural  weight  of  the  second  stage. 

The  results  appear  in  Table  3.3.6  and  Figure  3.3.6.  The 
apogee  and  perigee  vary  assymptotically  with  the  second 
stage  weight  of  fuel,  w£  : 

w2  —  400  pounds, 

Apogee  . ->  408  N.M. 

Perigee  *  386  +  5.15  (w^  -  400)  N.M. 

w2  2*  410  pounds, 

Apogee  =  446  +6.3  (w^  -  410)  N.M. 

Perigee _ ^  406  N.M. 

For  a  variation  of  one  pound  of  *vel  about  the  nominal  400 
pounds  of  fuel,  the  corresponding  changes  in  the  orbit 
parameters  are: 

&  apogee  •=  N.M.  (nominal  :  417.0  N.M.) 

-j..  v 

A  perigee  =  N.M.  (nominal  :  385.5  N.M.) 

-4.0 

It  then  seems  that  this  parameter  is  not  vital  to  the 


success  of  the  mission, 


3.4  PHASE  4  -  3rd  Stage 


Phase  4  is  defined  by  the  following  parameters  at  third 
stage  ignition; 

a)  P  4.1  -  The  time  after  second  stage  burnout  when 
third  stage  ignition  occurs. 

b)  P  4.2  -  The  elevation  or  pitch  angle  of  the  vehicle. 

c)  P  4.3  -  Azimuth  or  yaw  angle  of  the  vehicle. 

d)  P  4.4  -  Specific  impulse  of  third  stage  propellant. 

e)  P  4.5  -  Burning  rate  of  fuel  or  equivalently  the 
burning  time  for  a  given  fuel  weight. 

f)  P  4.6  -  Weight  of  fuel. 

Each  of  these  parameters  is  independent  of  the  other  and  of 
that  part  ci  the  trajectory  which  precedes  phase  4. 

3.4.1  Third  stage  -  Ignition  Time  (P  4.1) 

The  results  appear  in  Table  3.4.1  and  Figure  3.4.1. 
If  the  ignitiou  time  had  been  delayed  by  2,5  seconds  a  very 
slightly  better  orbit  would  have  been  obtained. 

To  a  variation  of  half  a  second  in  the  nominal 
ignition  time  of  604.51  seconds,  correspond  fhc.  following 
maximum  possible  variations  in  the  apogee  and  perigee: 

perigee  «±  °'5  N*M*  (nominal  385.5  N.M.) 
apogee  «•  +  0,5  N.M,  (rtominal  417.8  N.M.) 


The  above  variations  are  inferior  to  a  change  of  one  per  cent 
and  consequently  this  parameter  does  not  have  any  significant 
effect  on  the  success  of  t  \e  mission  if  it  is  compared  to  other 
parameters, 

3.4.2  3rd  Stage  -  Firing  Elevation  (P  4.2) 

The  results  of  dispersion  in  this  parameter  are  shown  in 

•  » 

graph  3.4.2.  An  attitude  control  system  is  essential  to  provide  a 
nominal  pitch  angle  of  zero  degrees  before  3rd  stage  ignition  in  order 
to  ensure  orbit.  Extrapolation  of  the  curve  indicates  that  a  tolerance 
of  +4  degrees  would  keep  perigee  above  300  N.M.  and  +13  degrees 
would  keep  perigee  greater  than  100  N.M.  If  the  attitude  control 
system  is  then  jettisoned  before  ignition  the  total  pitch  error, 
including  the  effects  of  tip-off  caused  by  jettisoning  the  control 
package,  would  reed  to  be  less  than  +2  degrees  in  order  to  keep  the 
perigee  above  350  N.M. 

304.3  3rd  Stage  -  Firing  Azimuth 

The  results  are  shown  in  graph  3.4.3.  The  expected  dispersion 
with  a  control  system  is  +1°,  however,  if  the  ejection  of  this 
system  is  done  prior  to  third  stage  firing  then  tip-off  errors 
will  become  a  factor.  The  sensitivity  to  this  error  is  so  low 
that  one  can  ignore  its  effect  xn  the  shown  range. 

These  results  seems  to  indicate  that  the  azimuth  need  not  be  very 
strictly  controlled,  and  this  should  be  investigated  in  more  detail. 

Ihe  effoct  of  such  a  simplification  could  greatly  reduce  the 
complexity  of  the  guidance  system. 


TABLE  3.4.1 
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3.4.4  3rd  Stage  -  Specific  Impulse 

Hie  results  are  shown  in  graph  3.4.4.  The  expected 
dispersion  is  not  known  and  we  looked  at  the  range  +  10 
seconds  about  the  nominal  value  of  290  seconds.  As  shown 
positive  errors  are  not  significant  since  the  perigee  remains 
constant  while  the  apogee  Increases.  Negative  errors  will 
yield  a  critical  below  which  the  perigee  will  be  below 
100  N.M.  Extrapolation  of  the  curve  shows  this  value  to 
be  approximately  273  seconds.  Thus  negative  dispersion  of 
less  than  17  seconds  will  guarantee  the  success  of  the  mission. 

3.4-5  3rd  Stage  -  Burning  Rate 

The  results  of  dispersion  in  burning  rate  on  the  nominal 
orbit  are  shown  in  graph  3.4.5.  Quantitative  information 
about  the  dispersion  was  again  unknown  and  we  estimated 
+  3  lbs/sec  about  the  nominal  value  of  32  lbs/ sec.  As  shown, 
the  sensitivity  to  this  parameter  is  very  small  and  will  not 
significantly  affect  the  success  of  the  mission. 

3.4.6  Third  Stage  Weight  of  Fuel  (P  4.6) 

This  parameter  was  varied  keeping  constant  the  fuel 
burning  rate  and  the  structural  weight  of  the  first  stat»,e. 

The  results  appear  in  Table  3,4.6  and  Figure  3.4,6.  As  in 
the  previous  first  and  second  stage  parameters  describing  the 
weight  of  fuel,  we  obtain  an  hyperbolic  behaviour  with  two 
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FIGURE  3.4.5. 
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assymptotes.  If  w^  represents  the  weight  of  fuel  in  the  third 
stage  in  pounds,  the  apogee  and  perigee  can  be  approximated  as 
follows: 


Apogee  ^  (414.5  +  2.3  (w2  -  162),  w2  £  162  lbs 

in  N.M.  “  \414.5  +  12.5  (w2  -  162),  w2""*  162  lbs 

Perigee  ^  T411.5  -  13.0  (w2  -  162),  w2  £  162  lbs 

in  N.M.  “  \411.5  -  2.07  (w2  -  163),  w2  ^  163  lbs 


Consequently  a  variation  of  one  pound  in  the  third  stage  weight 
of  fuel  causes  the  following  variations  in  the  orbit  parameters: 

A  apogee  »  +  2.3  N.M.  (nominal  417.7  N.M.) 

A  perigee  *  +  13.0  N.M.  (nominal  385.5  N.M.) 

If  the  apogee  is  as  expected  not  very  sensitive  to  the  variations 
in  this  parameter,  the  perigee  decreases  at  a  rate  of  13  N.M. 
per  pound  when  the  amount  of  fuel  is  reduced.  Note  also  that  a 
weight  of  fuel  of  162  pounds  would  produce  an  almost  perfectly  cir¬ 
cular  orbit.  It  would,  of  course,  be  preferable  to  employ  a  liquid 
or  hybrid  rocket  motor  for  the  third  stage  so  that  eccentricity 
could  be  controlled  by  burning  time.  However  where  it  is  not 
possible  to  shut  off  the  motor  this  curve  and  that  of  Appendix  "B" 
showing  the  effect  of  dispersion  in  payload  weight  suggest  the 
use  of  jettisonable  ballast  as  a  means  of  flight  control. 
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4.  DISCUSSION  AND  OPTIMIZATION 


4.1  Discussion  of  the  Results 

The  results  of  chapter  3  will  be  discussed  according  to  the 
following  scheme: 

1.  Gun  (P  1.1,  P  1.2) 

2.  First  stage  Ignition  (P  2.1) 

3.  First  stage  Rocket  Motor  (P  2.4,  P  2.5,  P  2.6) 

4.  Second  stage  Ignition  (P  3.1,  P  3.2,  P  3.3) 

5.  Second  etage  Rocket  Motor  (P  3.4,  ?  3.5,  P  3.6) 

6.  Third  stage  Ignition  (P  4,1,  P  4.2,  P  4.3) 

7.  Third  stage  Rocket  Motor  (P  4.4,  P  4.5,  P  4.6) 

1)  Gun 

The  gun  parameters  are  the  gun  muzzle  velocity  and  elevation. 
The  study  of  the  gun  parameters  in  Figures  3.1.1  and  3.1.2  has 
shown  that  the  muzzle  velocity  need  not  be  critically  adjusted, 
but  must  only  be  kept  greater  than  a  certain  minimum  velocity 
which  is  linearly  related  to  the  desired  minimum  perigee. 

The  gun  elevation  is  a  more  critical  parameter;  its  adjustment 
mainly  depends  on  how  circular  the  orbit  is  desired  and  how  high 
the  minimum  perigee  is  required  to  be.  The  r  rbit  parameters  can 
still  be  improved  with  the  following  values: 

gun  muzzle  velocity  :  6000  feet/sec 
gun  elevation  :  33.62  degree 

2)  First  stage  Ignition 

The  only  first  stage  ignition  parameter  is  the  ignition  time. 
Here  it  was  found  that  the  first  stage  ignition  should  be  delayed 
from  14.61  to  16,0  second  in  order  to  obtain  a  higher  perigee  and 


a  more  circular  orbit 
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However  since  there  is  only  half  a  second  between  first 
stage  burnout  and  second  stage  ignition,  to  delay  the  first  stage 
ignition  is  equivalent  to  also  delay  second  stage  ignition.  This 
fact  would  call  for  a  parametric  study  where  the  first  stage  ignition 
time,  the  delay  between  first  stage  burnout  and  second  stage  Ignition 
and  the  second  stage  ignition  time  are  simultaneously  varied. 

3  i  First  stage  Rocket  Motor 

The  first  stage  rocket  motor  parameters  considered  in  this  section 
are  the  propellant  specific  impulse,  burning  rate  and  weight.  All 
parameters  optimize  the  orbit  but  the  burning  rate.  From  Figure  3.2.3 
a  burning  rate  of  96  pounds  per  second  instead  of  107.9  pounds 
per  second  would  be  recommended;  cits  is  equivalent  to  burning 
the  1619  pounds  of  fuel  in  16.86  seconds  instead  of  15  seconds. 

However  we  know  that  if  the  burning  rate  is  dec  reased  the  second 
stage  ignition  will  have  to  be  delayed.  Therefore,  a  parametric  study 
was  undertaken  with  the  first  stags  burning  time  and  the  del ey  between 
first  stage  burnout  and  second  stage  ignition  as  parameters.  In 
Figure  4.1  was  plotted  the  difference  between  apogee  and  perigee 
as  a  function  of  the  delay  between  first  stage  burnout  and  Second 
stage  ignition  for  several  values  of  the  propellant  burning  time 
(first  stage).  The  minimum  of  each  curve  (for  a  fixed  burning  time) 
can  be  easily  determined;  the  locus  of  all  these  points  is  shown  on  the 
graph.  It  can  easily  be  seen  that  a  more  circular  orbit  is  obtained  as 
the  second  stage  ignition  time  is  delayed  and  the  first  stage  burning  rate 
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increased.  The  authors  did  not  look  for  a  minimum  but,  if  necessary, 
some  more  computer  runs  could  yield  the  information;  it  was  deemed 
that  a  burning  time  of  14  second  (that  is  a  burning  rate  of  115.64 
lb/3ec)  was  a  lower  limit  on  the  burning  time  of  the  1619  pounds  of 
fuel.  Table  4.1  summarizes  the  results  and  the  appropriate  conclusions 
can  be  drawn  by  the  reader. 

Finally  if  the  specific  impulse  and  the  weight  of  the  propellant 
(Figure  3.2.2  and  3.2.4)  are  kept  greater  than  a  certain  value  function 
of  the  perigee,  a  minimum  perigee  will  be  guaranteed;  any  increase 
above  the  minimum  specific  impulse  or  fuel  weight  will  only 
contribute  to  accentuate  the  eccentricity  of  the  orbit. 

4)  Second  stage  Ignition 

The  second  stage  ignition  parameters  are  the  ignition  time 
of  the  second  stage  rocket  motor  and  the  firing  pitch  and  yaw  angles 
of  the  vehicle  when  the  ignition  occurs. 

The  ignition  time  of  the  second  stage  was  arbitrarily  made 
to  occur  0.5  second  after  first  stage  burn-out.  The  effect  of  increasing 
this  delay  was  studied  and  Fig.  3.3.1  shows  that  the  orbit  can  be 
improved  if  the  delay  is  increased  to  8.5  seconds.  The  delay  would 
need  to  be  adjusted  further  to  allow  for  variation  in  burning  rate 
of  the  first  stage  fuel  as  discussed  above. 

As  far  as  the  firing  attitude  of  the  vehicle's  axis  is  concerned, 
the  orbit  parameters  are  much  more  sensitive  to  the  pitch  thau  co  the 
yaw  angle.  As  an  instance  of  this  fact  a  variation  of  2  degrees  in 


yaw  will  bring  down  the  perigee  by  approximately  6  nautical  miles 
while  the  same  variation  in  pitch  brings  it  down  by  75  nautical 
miles.  Nevertheless  if  only  a  minimum  perigee  of  100  nautical  miles 
is  required,  the  mission  can  easily  suffer  a  7  to  8  degree  error  in 
the  firing  pitch  angle  provided  no  significant  extra  error  arises  from 
the  other  trajectory  parameters  (unlikely).  As  a  consequence  and  as 
was  already  pointed  out,  the  fact  that  this  parameter  is  not 
controlled  makes  it  the  weakest  link  of  the  mission. 

5)  Second  stage  Rocket  Motor 

The  second  stage  rocket  motor  parameters  are  the  specific  impulse, 
burning  rate  and  weight  of  the  propellant.  If  the  specific  impulse 
and  the  weight  of  the  propellant  (Figures  3.3.4  and  3.3.6)  are  kept 
greater  than  a  certain  value  which  is  a  function  of  the  perigee,  a 
minimum  perigee  will  be  guaranteed;  any  further  increase  in  the 
specific  impulse  or  fuel  weight  will  only  contribute  to  accentuate  the 
eccentricity  of  the  orbit. 

More  interesting  is  the  burning  rate  of  the  propellant; 
nominally  fixed  at  40  pounds  per  second.  Figure  3.3.5  clearly  shows 
that  the  orbit  parameters  can  be  quite  improved  if  a  burning  rate 
of  11.4  pounds  per  second  is  chosen,  that  is  a  burning  time  of 
35.1  second.  However  the  value  of  the  perigee  drops  on  both  sides 
of  the  optimal  11.4  pounds  per  second;  as  a  consequence  it  would  be 
advisable  to  operate  with  a  burning  rate  greater  than  11.4  pounds  per 
second  since  between  12  and  44  pounds  per  second,  the  perigee  varies 
linearly  with  the  burning  rate  (-3  nautical  miles  for  an  increase 
of  4  pounds  per  second  in  the  burning  rate). 
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6)  Third  stage  Ignition 

The  third  stage  ignition  parameters  are  the  time  at  which  the 
third  stage  rocket  motor  is  ignited  and  the  firing  pitch  and  yaw 
angles  of  the  vehicle  at  ignition. 

All  parameters  yield  a  maximum  perigee  for  the  following 
values: 

Ignition  :  608  secohds  from  launch 

Firing  Yaw  :  +0.0  degree 

Firing  Pitch  :  -0.3  degree 

The  firing  yaw  seems  to  have  almost  no  effect  on  the  orbit 
parameters;  this  is  certainly  true  for  quite  large  an  error 
(may  be  up  to  10  degrees)  anl  it  would  be  easy  to  find  the  maximum 
permissible  error  in  this  parameter.  As  expected  the  firing  pitch 
and  the  ignition  time  are  critical  and  the  range  of  error  can  be 
determined  by  the  minimum  desired  perigee. 

7)  Third  stage  Rocket  Motor 

The  third  stage  rocket  motor  parameters  are  the  specific 
impulse,  burning  rate  and  weight  of  the  propellant.  Again  if  the 
specific  impulse  of  the  propellant  is  kept  greater  than  a  certain 
value,  a  minimum  perigee  will  be  guaranteed;  too  high  a  specific 
impulse  will  not  alter  the  perigee  but  accentuate  the  eccentricity 

*-U~ 


The  variations  of  the  orbit  parameters  with  the  burning  rate 
present  a  special  feature:  it  seems  that  a  discontinuity  takes  place 
in  the  slope  of  the  curve  representing  the  perigee  as  a  function  of  the 
burning  rate  at  24  pounds  per  second.  Below  24  pounds  per  sec.,  the  perigee 
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decreases  very  rapidly  (6  nautical  miles  for  2  pounds  per  second); 
however  for  burning  rates  greater  than  24  pounds  per  second,  the 
perigee  decreases  at  a  rate  of  0.07  nautical  mile  for  an  increase 
cf  one  •xmnd  per  second  in  the  burning  rate.  Similarly  the  apogee 
is  not  very  sensitive  to  the  burning  rate  in  the  range  over  which 
the  orbit  parameters  are  plotted  (20  to  36  pounds  per  second).  As 
a  practical  conclusion,  it  can  be  said  that  the  orbit  parameters  are 
not  significantly  affected  when  the  burning  rate  lies  between  24 
and  36  pounds  per  second. 

On  the  other  hand  the  weight  of  fuel  is  very  significant  as 
can  easily  be  seen  in  Figure  3.4.6.  A  maximum  perigee  is  obtained 
with  162  pounds  of  fuel,  that  is  2  pounds  above  the  notninal  weight 
of  fuel.  This  brings  up  the  natural  question:  can  some  control 
be  devised  to  effect  some  changes  in  the  orbit  parameters  by 
varying  the  amount  of  fuel  burnt.  In  order  to  get  some  information 
in  that  sense  two  parametric  studies  were  undertaken.  The  first  one 
(Figure  4.2)  shows  the  difference  between  the  apogee  and  the  perigee 
as  a  function  of  the  ignition  time  and  the  weight  of  fuel;  in  that 
case  the  parameter  which  can  be  controlled  is  the  ignitio-’  time. 

The  second  parametric  study  (Figure  4.3)  again  shows  the  difference 
between  the  apogee  and  the  perigte  as  a  function  of  the  ignition  time 
and  the  weight  of  fuel  burnt, (that  is  the  third  stage  of  the  vehicle 
carries  160  pounds  of  fuel) but  there  is  control  not  only  over  the 
ignition  timr,  but  also  over  the  burnout;  this  amounts  to  burn  all 
or  only  part  of  the  propellant  contained  in  the  third  stage  of  the 


vehicle. 
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The  results  of  the  first  study  shows  that  a  nominal  162  pounds 
of  fuel  would  be  recommended  with  the  ignition  occurring  605  seconds 
from  launch.  Nevertheless  this  ignition  time  can  oscillate  by  5 
seconds  in  both  directions  about  605  seconds  without  significantly 
affecting  the  eccentricity  (almost  1)  and  perigee  of  the  orbit. 

The  second  study  shows  that  the  apogee  (as  expected)  is  not 
affected,  but  the  amount  of  fuel  (160  pounds)  was  not  sufficient  to 
effect  the  type  of  control  described  earlier;  it  also  shows  that 
between  598  and  611  seconds  the  ignition  time  does  not  significantly 
affect  the  orbit  parameters.  No  further  studies  were  attempted 
but  serious  thoughts  should  be  given  to  this  technique  of  control 
especially  if  the  third  stage  propellant  is  liquid. 

Nevertheless  all  the  above  mentioned  studies  should  have  been 
undertaken  after  a  careful  "optimisation"  of  the  orbit  parameters 
with  respect  to  the  trajectory  parameters;  a  numerical  technique 
to  accomplish  this  optimisation  is  described  in  the  next  section. 
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4.2  OtBTT  OPTIMIZATION 


In  this  section  we  will  discuss  and  describe  a  numerical 
technique  which  will  optimize  the  type  of  orbit  achievable  through 
a  Martlet  IV  trajectory.  By  optimize  we  mean  an  orbit  which  will 
have  the  highest  possible  perigee  and  will  be  as  circular  as  possible 
A  further  constraint  on  the  perigee,  F,  will  be 


P  100  N.M. 


A  cost  criterion  which  would  represent  such  a  requirement  could  be 

J  -  -■■■-■-  ,  P  £  100 

where  A  is  the  apogee  or 

J  -  log (A  -  P)  -  log(P  -  100) 


and  the  optimum  orbit  should  be  such  as  to  minimize  the  chosen 
cost  criterion. 


To  accomplish  this,  the  parameters  defining  A  and  P  will  be 
listed  below  together  with  their  range  of  definition  or  of  possible 
variation.  Xhese  ranges  will  form  the  parameter  constraint  set, Q 


Gun  Parameters 

x^  -  Gun  angle 

(degrees) 

[1,89] 

X£  -  Muzzle  velocity 

(ft/sec) 

[2000,6000j 

1st  Stage  parameters 

Xj  -  Ignition  time 

(secs) 

[o,oo] 

x^  -  Specific  impulse 

(secs) 

[0, 280] 
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x^  -  Burning  rate 

(lbs/aec) 

[1,120] 

Xg  -  Weight  of  fuel 

(lbs) 

(0,1650] 

2nd  Stage  parameters 

Xj  -  Ignition  time 

(secs) 

(o,oo) 

x10  -  Specific  impulse 

(secs) 

[o,29o] 

X11  “  Burning  rate 

(lbs/sec) 

[l,50  ] 

x12  "  Fuel  weight 

(lbs) 

(0,450j 

3rd  Stage  parameters 

x13  ”  Ignition  time 

(secs) 

[o,0 o) 

xj4  -  Firing  pitch 

(degrees) 

[-45, +45] 

x15  “  Firing  yaw 

(degrees) 

[-10, +10] 

x16  *  Specific  impulse 

(secs) 

(0,270  ] 

x^y  -  Burning  rate 

(lbs/Bec) 

[l,35  ] 

xi8  -  Fuel  weight 

(lbs) 

(0.X65  ] 

Parameters  xg  and  Xg  which  are  the  2nd  stage  ignition  pitch  and 
and  yaw  respectively  are  not  included  in  the  optimizationas  there 
is  no  control  over  them.  They  will  therefore  be  assumed  to 
orient  the  vehicle  parallel  to  the  absolute  velocity  vector.  Further 
restrictions  must  be  imposed  on  the  parameters  Xy  and  x^,  the 
ignition  times, 

x6 

(1)  x7  5.  U.5  +  x3  + 

x12 

(2)  x13  ^  0.5  +  x7  +  +  200 
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The  first  inequality  which  must  he  satisfied  before  the  second 

is  simply  a  statement  that  the  second  stage  ignition  time,  Xy,  be 

greater  than  the  first  stage  ignition  time,  X3,  plus  the  burning  time, 

—  ,  plus  a  minimum  arbitrary  time,  0.5  seconds,  after  first  stage 
x5 

burnout.  The  second  inequality  can  be  similarly  explained  except 
that  200  seconds  must  be  allowed  for  the  guidance  system  to  corroct 
the  pitch  and  yaw  before  third  stage  ignition. 

The  numerical  technique  suggested  to  optimize  the  orbit  in 
the  sense  discussed  earlier  is  a  hill-climbing  technique.  The 
optimization  problem  can  be  written  as  follows: 

Find  the  parameters  x^  to  x^  and  x^q  to  x^g  from  the  constraint 
set,  fi  ,  which  satisfy 

x6 

Xy  ^  0.5  +  x^  +  xg 
X12 

0.5  +  Xy  +  x^  +  200 
and  which  absolutely  minimize 

J  -  log (A  -  P)  -  log(P  -  100) 

Clearly  J  is  a  function  of  all  x^  thus 
J  ■  J(x) 


where  x 


X1 


4.15 


Suppose  we  SLart  with  the  value  Xo  or  J^)  where  Xq  0  Cl  aud 
satisfies  the  inequality  constraints,  and  vary  each  about  the 
value  xio  by  +  A  x^*  a  small  quantity,  keeping  the  rest  of  the 
fixed.  If  the  corresponding  change  in  J  is  negative  for  either 
+  A  xt  or  -  A  x then  change  x^  by  +  A  X£  or  -  A  X£  whichever 
yields  a  larger  decrease  in  J.1  If  there  is  no  change  in  J  or  if 
it  is  positive  then  x^  is  left:  unchanged.  This  is  repeated  for 
each  X£  until  J  remains  unchanged. 

The  convergence  of  this  procedure  is  guaranteed  if  the  A  are 
sufficiently  small.  Their  value  can  be  obtained  from  the  sensitivity 
analysis  of  section  3.0.  The  computer  programing  required  to  put 
this  technique  into  effect  is  relatively  simple  as  it  requires  a 
main  program  performing  the  search  described  above  plus  an  apogee  - 
perigee  subroutine  which  is  simply  McKee's  program  for  orbit 
analysis.  The  computing  time  may  be  quite  large  depending  on 
the  number  of  iterations  required  .for  the  convergence  of  J, 
nevertheless  this  technique  would  give  a  much  better  description  of 
the  orbital  capabilities  of  the  Martlet  IV  than  the  one  used  in 


this  report 


5.0  CONCLUSIONS 


The  aim  of  this  report  was  to  study  the  variations  in  a  nominal 
orbit  resulting  from  errors  in  the  trajectory  parameters.  Although 
caution  must  be  used  in  extending  the  conclusions  drawn  to  cover  other 
trajectories,  the  nominal  orbit  used  was  a  typical  one  of  the  low- 
gun  angle  type  and  the  curves  of  Appendix  C  give  a  good  indication 
of  the  effect  of  dispersion  in  the  delivered  performance. 

The  parameters  to  which  the  orbit  is  most  sensitive  are 
muzzle  velocity,  propellant  specific  impulse,  fuel  weight,  elevation 
angle  during  thrusting,  and  payload  weight.  The  assumed  probable 
errors  in  each  of  these  parameters  are  not  likely  to  prevent  orbit, 
i.e.  yield  a  perigee  less  than  100  N.M. ,  but  combined  errors 
could  result  in  too  low  an  orbit. 

• 

Careful  design  of  the  rocket  motors  and  reliable  test  data  on 
their  performance  and  on  the  characteristics  of  the  fuel  are  obviously 
desirable  in  planning  the  details  of  a  launch.  If  real-time  data 
can  be  made  available  on  attained  muzzle  velocity,  flight  path 
angle  and  rocket  motor  thrust  it  seems  that  ample  time  is 
available  for  the  flight  controller  to  evaluate  them  and  execute 
compensation  commands.  The  preferred  controls  are  3rd  stage 
Ignition  attitude,  ignition  time,  burning  titus  (in  the  case  of  a 
liquid  or  hybrid  third  stage)  and  ejection  of  ballast. 

An  attitude  control  system  which  could  combat  tip-off  disturbance 
at  first  stage  separation  would  of  course  be  desirable.  It  had  been 


5.2 


assumed  that  the  increased  cost  and  complexity  o£  such  a  control 
system  could  be  avoided  by  care£ul  attention  to  the  design  of  the 
stage  separation  mechanism.  Although  the  present  analysis  shows 
that  a  longer  delay  is  advisable  there  still  may  not  be  enough 
time  available  for  a  simple  system  to  be  effective.  Further  study 
of  this  is  recommended. 

It  is  also  reconsnended  that  an  optimization  exercise  of  the  type 
discussed  in  secti/n  4.2  be  carried  out  and  its  usefulness  evaluated. 
It  is  evident  that  a  thorough  pre-flight  analysis  of  the  effects  of 
variation  in  performance  would  not  only  be  helpful  in  the  planning  of 
a  mission  but  would  also  be  ur.eful  during  the  design  of  the  vehicle. 
It  is  also  believed  that  an  optimization  program  of  that  type  could 
provide  a  set  of  curves  which  would  be  adequate  for  real-time  flight 
control  purposes.  It  would  be  advisable  to  Include  in  the 
optimization  program  sub-routines  to  give  directly  the  dispersion 
in  orbit  parameters  and  plot  these  with  respect  to  the  optimal 
trajectory. 
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APPENDIX  B 


Orbit  Parameters  Sensitivity  to  Payload 
Height  Variations 


Orbit  Parameter 

Perigee 

Apogee 

lbs 

N.M. 

N.M. 

70 

419.07 

595.63 

71 

417.78 

552.61 

72 

416.36 

510.78 

73 

414.47 

470.43 

74 

409.77 

433.86 

75 

385.52 

417.77 

76 

349, 12 

414.74 

77 

312.20 

413.09 

78 

275.81 

411.77 

.79 

240.10 

410.56 

80 

205.12 

409.42 

The  results  appear  In  Table  B  and  Figure  B.  Figure  shows 
an  hyperbolic  behaviour.  Below  74  pounds,  the  perigee  remains 
relatively  constant  while  the  apogee  increases  at  a  rate  of  ,40. 4 
nautical  miles  per  pound  of  payload  taken  off;  above  75  pounds, 
the  apogee  remains  constant  but  the  perigee  decreases  at  the 
rate  of  40.5  nautical  miles  for  each  added  pound  of  payload. 
Consequently  this  parameter  is  very  significant. 


APPENDIX  C 


Graphical  Summary  of  the 
Sensitivity  of  the  Orbit  Parameter 
to  the  Trajectory  Parameter 
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